Abstract. Let G be a finite group. The main objective of this paper is to study ramified covering G-maps and to construct a transfer for them in Bredon-Illman equivariant homology with coefficients in a homological Mackey functor M . We show that this transfer has the usual properties of a transfer.
Introduction
Let G be a finite group. The main objective of this paper is to study ramified covering G-maps and to construct a transfer for them in Bredon-Illman equivariant homology with coefficients in a homological Mackey functor M . We show that this transfer has many of the properties of other known transfers. Notice that in order to have the property that the composite of the transfer with the projection is multiplication by the multiplicity of the ramified covering map, M must be a homological Mackey functor. The transfer for any ramified covering G-map will be given by a homomorphism between certain topological abelian groups. It cannot be given by a stable transfer map (see Remark 5.3) .
To construct the transfer, we shall use the homotopical definition of Bredon-Illman homology H G * (−; L) given in [4] , when L is a G-module, and of H G * (X ; M ) given in [5] when M is a homological Mackey functor. Namely, to each pointed G-space X , a G-module L and *Corresponding author, Phone: ++5255-56224489, Fax ++5255-56160348.This author was partially supported by PAPIIT grant IN105106-3 and by CONACYT grant 58049. Webpage: http://www.matem.unam.mx/cprieto a homological Mackey functor M for G, we associate topological abelian groups F G (X , L) and F G (X , M ) such that π q (F G (X , L)) ∼ = H G (X ; L) and π q (F G (X , M )) ∼ = H G (X ; M ). The topology in F G (X , L) is a generalization of the usual topology of the infinite symmetric product SP ∞ X . The topology in F G (X , M ) is defined using the singular simplicial set S(X ) associated to X . With these topologies, the homomorphisms induced by any pointed G-map f : X −→ Y turn out to be continuous. For a ramified covering G-map p : E −→ X we define transfer homomorphisms t G p : F G (X , L) −→ F G (E, L) and t G p : F G (X , M ) −→ F G (E, M ). The first one is always continuous. When we take coefficients in a homological Mackey functor, we prove that the transfer is continuous provided that the spaces involved are strong ρ-spaces. The class of strong ρ-spaces contains all simplicial G-complexes (Proposition 4.9), as well as the class of G-ENRs (Proposition 4.11) and the class of G-CW-complexes, that are either locally compact, countable and finite-dimensional (Proposition 4.12) or regular (Proposition 4.13) .
This approach to the transfer was already used by the authors in [1] in the nonequivariant case for singular homology.
The paper is organized as follows. In Section 1, we define a transfer t G p : F G (C, M ) −→ F G (A, M ) for certain finite-to-one G-functions p : A −→ C between G-sets, which we call n-fold G-functions with multiplicity (1.1). The reader should think of them as discrete ramified covering G-maps. In Section 2, we show that this transfer has all the usual properties, namely the pullback property (2.16), normalization (2.18), additivity (2.21), and that its composite with p G * is multiplication by n (2.25). In Section 3, we define the concept of a ramified covering G-map p : E −→ X . This is an n-fold G-function with multiplicity and some topological properties. This generalizes to the equivariant case the definition in [11] . For any G-module L, using the topology on F G (X , L) described in [4] , we prove that the transfer constructed in the previous section is continuous for any p (3.6). In Section 4, using the continuity of the transfer in the case of coefficients in a G-module L, we prove the continuity of the transfer with coefficients in a homological Mackey functor M , provided that E and X are strong ρ-spaces (4.7).
Finally, in Section 5, we pass to Bredon-Illman homology (applying the homotopy-group functors) and give the transfer and its properties in homology.
Definition 1.2. Given a G-function p :
A −→ C with multiplicity μ : A −→ N, one may define the the G-function
. This function will play an important role in Section 3. Example 1.3. Let C be a G-set and consider the G-function π : C n × Σ n n −→ SP n C given by π x 1 , . . . , x n ; i = x 1 , . . . , x n , where G acts diagonally on C n and on SP n C, and trivially on the set n = {1, 2, . . . , n}. Define μ : C n × Σ n n −→ N by
where one regards x as a function n −→ C. Then p is an n-fold G-function with multiplicity, since the sets x −1 x(i) form a partition of the set n. Furthermore, μ is clearly G-invariant. The function ϕ π :
is given in this case by
Remark 1.4. We can always assume that an n-fold G-function with multiplicity is pointed by adding isolated points * to A and to C which remain fixed under the G-action and by defining μ( * ) = n. Therefore we shall always consider pointed n-fold G-functions with multiplicity without saying it explicitly.
We now recall the definition of the groups F(D, M ) and F G (D, M ) for a pointed G-set D and a Mackey functor M for the group G. First recall that a Mackey functor consists of two functors, one covariant and one contravariant, both with the same object function
The functor has to be additive in the sense that the two embeddings S → S T ← T into the disjoint union of G-sets define an isomorphism
and if one has a pullback diagram of G-sets
By the additivity property, the Mackey functor M is determined by its restriction M : O(G) −→ Ab, where O(G) is the full subcategory of G-orbits G/H , H ⊂ G. A relevant role will be played by the G-function R g −1 : G/H −→ G/gH g −1 , given by right translation by g −1 ∈ G, namely
We shall often denote the coset gH by [g] H or simply by [g], if there is no danger of confusion.
Observe that if C is a G-set and x ∈ C, then the canonical bijection G/G x −→ G/G gx is precisely R g −1 , where as usual G x denotes the isotropy subgroup of x, namely the maximal subgroup of G that leaves x fixed.
, u( * ) = 0, and u(y) = 0 for all but a finite number of elements y ∈ D. The canonical generators of this group are functions denoted by ly given by (ly)(y ) = l if y = y , 0 otherwise,
where
is the canonical quotient function (see [3, 5] for details). Definition 1.7. Let p : A −→ C be an n-fold G-function with multiplicity μ, and let M be a Mackey functor. Define a homomorphism
where u ∈ F(C, M ) and a ∈ A. If we assume that
where the last but one equality follows from the pullback property of the Mackey functor. Thus t p (u) ∈ F G (A, M ). Therefore, the homomorphism t p restricts to a transfer homomorphism
Remark 1.8. Let p : A −→ C be an n-fold G-function with multiplicity μ. The isotropy group G x acts on p −1 (x) and the inclusion
Since the value of this function is zero on points which do not belong to the orbit Gx, and γ G x (l)(x) = l, one can give the transfer t G p on the generators γ G x (l) by the formula
Properties of the transfer
In this section we shall give some properties of the transfer that do not depend on the topology. We start with a definition. Definition 2.1. Let p : A −→ C and p : A −→ C be n-fold G-functions with multiplicity functions μ and μ , respectively. A morphism from p to p is a pair of G-functions ( f , f ) such that (a) the following diagram commutes:
(c) for each x ∈ C and a ∈ p −1 (f (x)), one has the equality
μ(a) , and (2.2) (d) for each a ∈ A one has the formula
We have the next useful characterization of a morphism of ramified covering G-maps. 
where ϕ p and ϕ p are as defined in 1.2.
Proof. Assume that
This clearly implies that f is surjective on fibers. Take x ∈ C and let {a 1 , . . .
) using this description of p −1 (x), which is equal to ϕ p (f (x)), one easily obtains the equality (2.2). Assuming now (b) and (c) in the definition and using the same labels for the elements of the fibers as in the first part, one obtains the desired equality. 
. Consider the restriction of f from the fiber q −1 (y) to the fiber p −1 (f (y)). This function induces a surjective function
Clearly, conditions (a), (b), and (c) in the previous definition hold. Furthermore G (y,a) = G y ∩ G a , thus condition (d) also holds. Hence ( f , f ) is a morphism from q to p .
(b) Let C and D be G-sets and let f : C −→ D be G-equivariant. We say that f is npermutable if the equality
holds in terms of isotropy groups, where x 1 , . . . , x n ; i ∈ C n × Σ n n, x 1 , . . . , x n ∈ SP n C,
To see this, we use Proposition 2.4 above. Namely, we have to show that
For any y 1 , . . . , y n ∈ SP n D, we have,
thus, if we take x 1 , . . . , x n ∈ SP n C, we have
On the other hand, we have
and so
Thus both are equal.
The following is the naturality property of the transfer.
Then the following diagram commutes:
Proof. First note that the function f induces a surjection
This surjection can be written as the composite
This allows us to write the elements of these quotient sets as follows. Let
By [5, Lemma (6.6)], one can write
Therefore,
where the elements a
Hence we have
, we can rewrite (2.10) as
In order to compare these two sums, consider the pullback diagram
By [5, Lemma (6.1)], there is a bijection ϕ :
where the elements g ν j are as above.
Replacing this in (2.12), we obtain
• ρ ν j , we can rewrite (2.13) as
, and therefore, π ν j = p a νj α and ρ ν j = f a νj α . Hence (2.14) becomes
By Definition 2.1 (c) and the G-invariance of μ we have that
Replacing this in (2.15), we obtain (2.11). Therefore,
By Example 2.5(a), the pullback property is now a consequence of the naturality property.
Proposition 2.16. Let p :
A −→ C be an n-fold G-function with multiplicity μ and let
where f and q are as in the pullback diagram (2.6).
From Example 2.5(b), we obtain another consequence of the naturality property as follows.
The normalization property is elementary and it is as follows.
Proposition 2.18. If p : A = C −→ C is the identity function with multiplicity function
The additivity property is based on the following.
Proposition 2.19. Let C α , α ∈ A, be a family of pointed G-sets. Then there is an isomorphism of abelian groups
Proof. Let i α : C α −→ C α be the inclusion into the wedge of the pointed sets C α . By the universal property of the direct sum, the homomorphisms i G α * induce a homomorphism ϕ :
Take now x ∈ C α and let
, where ι α is the canonical monomorphism into the direct sum. Then by the universal property of F G ( C α , M ) (see [3] ), there is a unique homomorphism ψ :
. Checking on generators of the form γ G x (l) and ι α γ G 
where * ∈ A and * α ∈ A α denote the corresponding base points. We call p the sum of the p α s, and we denote it by r α=1 p α .
The transfer has the following additivity property.
. More precisely, the following diagram commutes:
where the isomorphism is as given in 2.19.
Proof. Notice first that for any x ∈ C different from the base point,
An immediate consequence of the normalization property 2.18 and the additivity property 2.21 is the quasiadditivity property, namely the following. 
To show that the transfer has a functoriality property, we need the following. Proof. We only have to compute the sum
The functoriality property is the following. 
Proof. Take u ∈ F G (C, M ). By definition of the transfer, we have
Recall that a Mackey functor M for G is said to be homological if whenever H ⊂ K ⊂ G and q : G/H −→ G/K is the quotient function, then
that is, this composite is multiplication by the index of H in K in the group M (G/K). We have the following result.
Proposition 2.25. Let p : A −→ C be an n-fold G-function with multiplicity μ and let M be a homological Mackey functor for G. Then the composite
is multiplication by n. 
The transfer for coefficients in a G-module
In this section we shall define the concept of a ramified covering G-map and study its transfer in the topological abelian groups F G (X , L) with coefficients in a G-module L. We shall work here in the category of k-spaces. We understand by a k-space a topological space X with the property that a set C ⊂ X is closed if and only if f −1 C ⊂ K is closed for any continuous map f : K −→ X , where K is any compact Hausdorff space (see [13] ). There is a functor that associates to every topological space X a k-space k(X ) with the same underlying set and a finer topology defined as before. Thus the identity k(X ) −→ X is continuous and a weak homotopy equivalence. Instead of the usual topological product, we shall take its image under the functor k; we shall use the same notation × for it. This category has two useful properties( [13] ):
1. If X is a k-space and p : X −→ X is an identification, then X is a k-space; and 2. if p : X −→ X and q : Y −→ Y are identifications between k-spaces, then p × q :
The next definition, puts in the the topological setting the concept of an n-fold G-function with multiplicity.
Definition 3.1. Let E and X be G-spaces. An n-fold ramified covering G-map is a continuous G-map p : E −→ X together with a multiplicity function μ : E −→ N , such that the following hold: (i) The fibers p −1 (x) are finite for each x ∈ X .
(ii) For each x ∈ X , a∈p −1 (x) μ(a) = n.
(iii) The map ϕ p : X −→ SP n E = E n /Σ n , given by
Notice that by (iv), the map ϕ p is G-equivariant. We can always assume that the ramified covering G-map is pointed (see Remark 1.4) . This definition in the nonequivariant case was given by Smith [11] and it includes ordinary covering maps with finitely many leaves.
Proposition 3.2. The family of ramified covering G-maps has the following properties:
(a) If p α : E α −→ X , α = 1, . . . , k, are ramified covering G-maps with multiplicity functions μ α , then p :
(b) If q : E −→ E is an n -fold ramified covering G-map with multiplicity function μ , and p : E −→ X is an n-fold ramified covering G-map with multiplicity function μ, then p • q : E −→ X is an (nn )-fold ramified covering G-map with multiplicity function ν, where ν(a ) = μ (a )μ(q(a )).
(c) If X is a G-space, then the projection π : X n × Σ n n −→ SP n X is an n-fold ramified covering G-map.
Proof. By 2.20, p is a ( k α=1 n α )-fold G-function with multiplicity. Thus we only have to prove that ϕ p :
is continuous. This follows from the commutativity of the next diagram:
where ρ is the inclusion in the corresponding summand, and q is an identification.
By [2, 4.20] , the composite p • q in an (nn )-fold ramified covering map. Thus (b) follows from this and 2.23.
By [11] , π : X n × Σ n n −→ SP n X is an n-fold ramified covering map. Thus (c) follows from 1.3. Remark 3.3. Note that in [11] , the setting is the category of topological spaces. By [1, Prop. 3.4] , those definitions are equivalent to the ones herein, which are given in the setting of k-spaces.
Given a G-module L, one defines a Mackey functor M L as follows:
On the other hand, let R g −1 :
Moreover,
We now recall the definition given in [4] of the functor
On the other hand,
Thus the result follows.
Let Y be a pointed G-space. As already remarked, the group F G (Y, L) has a natural topology that was studied in [4] . This topology is defined as follows. Consider the group F(Y, L) of functions u : Y −→ L such that u( * ) = 0 and u(y) = 0 for all but a finite number of elements y ∈ Y. This is filtered by subsets F r (Y, L) of those functions which are nonzero in at most r points of Y. We give to these sets the quotient topology induced by the map 
The transfer is, as before, the restriction
factors as the composite
where ρ n (l 1 , a 1 ) , . . . , (l n , a n ) = n i=1 l i a i . Therefore, ρ n is continuous. Since ρ n • α = δ, δ is continuous. In order to see that
where sum is given by the operation on F(E, L), which is continuous. Hence t p is continuous, and since F G (X , L) has the subspace topology, then t G p is also continuous, as desired.
Change of coefficients and the transfer for homological Mackey functors
Let K be a simplicial pointed G-set. Then the composite
/ / Ab is a simplicial abelian group, which will be denoted by F G (K, M ). On the other hand, for any simplicial set S, we denote by |S| its geometric realization (see [10] ). Let X be a pointed G-space. Recall from [5] that for a homological Mackey functor, we can give a topology to the abelian group F G (X , M ). This topological group is denoted by F G (X , M ) and its topology is the identification topology given by the epimorphism
Here S(X ) is the singular simplicial set associated to X . The group isomorphism ψ G M is defined on a generator by
as in [3, 2.6] , where q σ,t : G/G σ,t −→ −→ G/G [σ,t] is the quotient function. The surjection ρ X : |S(X )| −→ X is given by ρ X [σ, t] = σ(t), where σ ∈ S k (X ) and t ∈ Δ k .
Recall [4] that one has an equivariant isomorphism of topological groups ψ L :
We have the next lemma.
Lemma 4.1. The following is a commutative diagram
Proof. By Proposition 3.5, the functors F G (−, L) and F G (−, M L ) are the same. Therefore, the simplicial groups F G (S(X ), L) and F G (S(X ), M L ) are also the same. If we write , 1) , . . . , (r, s)}. Thus we can write
Using this description, one can check as in the proof of 3
In the rest of this section we show that a morphism of (homological) Mackey functors ξ : M −→ M induces a continuous homomorphism of topological groups ξ :
Definition 4.2.
Recall that a morphism ξ : M −→ M is a natural transformation of both the covariant and the contravariant parts of M and M ; it is an epimorphism if for each object it is a group epimorphism. Define
Since u is equivariant and ξ is natural, then ξ (u) is also equivariant, and therefore it is well defined. Notice that by the naturality of ξ, ξ is given on generators by
The next follows immediately from the previous lemma. Proof. Consider the following commutative diagram
Since by 4.3, ξ : 
w w w w n n n n n n n n n n n n
. Therefore, the diagram commutes. Since by definition, π G X is an identification, the result follows.
In the rest of this section, we analyze the continuity of the transfer for ramified covering G-maps in a convenient category of topological spaces.
Definition 4.7.
A G-space X is called a strong ρ-space if the map ρ X : |S(X )| −→ X is a G-retraction.
We have the following. Proof. Consider the simplicial complex T (X ), whose vertices are the cells of X , and whose q-simplexes are sequences of closed cells {e 0 e 1 · · · e q }. T (X ) is a G-simplicial complex, where the G-action on the vertices is given by g · e = g(e). There is a homeomorphism h : |T (X )| −→ X , which is constructed inductively on the skeleta as follows (see [7, 3.4 
.1]).
The complex T (X 0 ) is the set of vertices of X . Then h 0 : |T (X 0 )| −→ X 0 is the identity, which is G-equivariant.
We assume inductively that we have a G-homeomorphism h n−1 : T (X n−1 ) ≈ −→ X n−1 . We extend h n−1 to h n : |T (X n )| ≈ −→ X n cell by cell as follows. Take a characteristic map of an n-cell
whose image is the closed n-cell e n . Take the restriction to the boundaryφ :Δ n −→ė n , and let C be the subcomplex of T (X n−1 ) that triangulatesė n . Define ψ :
, where β ∈ |C| and b n ∈ Δ n is the barycenter. Then extend h n−1 to h n | : |Cone(C)| −→ e n by h n | = ϕ e n • ψ. Doing this for each n-cell of X , we obtain h n : |T (X n )| −→ X n . In order to see that h n is G-equivariant, consider the equalities
e n h n−1 (β)) , which are clearly the same, since g · ϕ e n = ϕ g·e n . This completes the induction.
The relevance of the strong ρ-spaces is shown in the following two lemmas.
Lemma 4.14. Let X be a pointed strong ρ-space and let L be a G-module. Then id :
Proof. Consider the following diagram
w w w w n n n n n n n n n n n n 
Proof. We define η X as follows:
where * is the isolated base point. Its inverse is given by
We now prove that η X is natural assuming that X is a G-set. Namely, let f : X −→ Y be a G-function between G-sets with a free action. We shall see that the following diagram commutes:
since f x : G/e −→ −→ G/e is the identity. On the other hand
Hence the diagram commutes. Therefore, η defines an isomorphism of simplicial groups F G (K + , M ) −→ F G (K + , M (G)) for any simplicial G-set K with a free action. We now show that η is a homeomorphism. Consider the singular simplicial set S(X ) and notice that S n (X + ) = S n (X ) + for each n. Since X has a free G-action, so does S(X ) and, by the previous considerations, the map of topological groups
is a homeomorphism. Consider the diagram
The square at the top commutes because G (σ,t) = G [σ,t] = e and hence q σ,t = id G , and the square at the bottom commutes by the naturality of η.
The map π G X + is an identification by definition. The isomorphism ψ G M (G) is a homeomorphism as proved in [4] . Since ρ X + is a retraction, so is ρ G X + • and hence the vertical composite on the right is also an identification. Therefore, η X is a homeomorphism. Proof. To show that ξ : F G (C, M ) −→ F G (C, M ) is surjective for any pointed G-set C, take a generator γ G x (l ) ∈ F G (C, M ). Since ξ G/G x is surjective, we can take l ∈ M (G/G x ) such that ξ G/G x (l) = l . Then ξ (γ G x (l)) = γ G x (l ). Therefore, the simplicial map ξ : F G (S(X ), M ) −→ F G (S(X ), M ) is surjective, and by [7, 4.3.11] , its geometric realization |ξ | : |F G (S(X ), M )| −→ |F G (S(X ), M )| is an identification.
Hence the commutativity of
implies that ξ on the bottom is an identification too.
The main result in this section is the next. 
is multiplication by n, and thus an isomorphism. Hence the result follows.
Remark 5.3. The transfer for any ramified covering G-map cannot be given by a stable transfer map, which has the naturality, the normalization, and the quasiadditivity (see 2.22) properties, because otherwise there would be a transfer for ramified covering G-maps in any representable (cohomology) theory. But by [2, Thm. 4.8] , if there is such a transfer, then the theory must be given by a product of Eilenberg-Mac Lane spaces. (One can construct such a stable transfer for n-fold ramified covering maps in the nonequivariant case [6] , but provided that one inverts n!.)
